A typical problem with the traditional Galerkin approach for the construction of finitemode models is to keep structural properties untouched in the process of discretization. We present two examples of finite-mode approximations that in some respect preserve the geometric attributes inherited from their continuous models: a three-component model of the barotropic vorticity equation known as Lorenz' maximum simplification equations [Tellus, 12, 243-254 (1960)] and a six-component model of the two-dimensional Rayleigh-Bénard Convection problem. It is reviewed that the Lorenz-1960 model respects both the maximal set of admitted symmetries and the generalized Hamiltonian form (Nambu form). In an analog fashion, it is proved that the famous Lorenz-1963 model violates the structural properties of the Saltzman convection equations and hence cannot be considered as maximum simplification of the Rayleigh-Bénard Convection problem. Using a six-component truncation, we show that it is possible to again retain both symmetries and the Nambu representation during discretization. It is demonstrated that the conservative part of this six-component reduction is related to the equations of a Lagrangian top and hence a sound mechanical interpretation of this new model is available.
Introduction
Various models of the atmospheric sciences are based on nonlinear partial differential equations. Besides numerical simulations of such models, it has been tried over the past 50 years to capture at least some of their characteristic features by deriving reduced and much simplified systems of equations. A common way for deriving such models is based on the Galerkin approach: One expands the dynamic variables of some model in a truncated Fourier (or some other) series, substitutes this expansion in the governing equations and studies the dynamics of the corresponding set of ordinary differential equations for the expansion coefficients. Although usually the number of coefficients that is used for the expansion is minimal to allow for an analytic investigation, these reduced models have been used to explain some common properties of atmospheric models.
Although in widespread use, to the best of our knowledge there is up to now no universal criterion for the selection of modes or the choice of truncation of the series expansion. However, at least some cornerstones for the Galerkin approach are already settled. It has been noted (e.g. [7, 9] ) that it is desirable for finite-mode models to retain structural properties of the original set of equations, from which they are derived. Such properties are, e.g. quadratically nonlinear equations, conservation of energy and a vorticity quantity in the dissipationless limit and preservation of the Hamiltonian form.
More recently, also a generalization of the Hamiltonian structure based on the idea of Nambu [19] to incorporate multiple conserved quantities in a system representation came into focus. It was shown in [20, 21, 23 ] that various equations of ideal hydrodynamics allow for a generalized Nambu representation. It hence seems desirable to derive finite-mode models that also retain this structure. Also, nearly all models of the atmospheric sciences possess some symmetry properties.
In science the existence of symmetry is usually seen to be very fundamental, since it reflects the basic properties found in lots of physical processes. Hence, in the field of equivariant dynamical systems (e.g. [10] ), some concern is put on the implications of symmetries to dynamical systems. For the derivation of finite-mode models, this means that one should try to retain these properties at least in some minimal way.
In this paper we give two examples of finite-mode models that preserve the above mentioned features of their parent model: the first is the three-component Lorenz-1960 model, derived as maximum simplification of the vorticity equation [15] . The second one is a six-component extension of the Lorenz-1963 model. The organization of this paper is as follows: In section 2 some properties of discrete and continuous Nambu mechanics are reviewed. Section 3 includes a review of the Lorenz-1960 model establishing its Nambu structure. In section 4 we derive the maximum simplification of the Saltzman convection equations [25] that reflects both symmetries and the proper Nambu structure of the continuous model. Finally, in section 5 we sum up our results and discuss some open questions.
Nambu mechanics
Since Nambu mechanics emerged from discrete Hamiltonian mechanics, it is convenient to start with a short description of the latter one. The evolution equation of a general n-dimensional Hamiltonian system is given by dF dt = {F, H} ,
is an arbitrary function of the phase space variables z i , i = 1, n, H is the Hamiltonian function, {., .} a Poisson bracket which is a skew-symmetric, bilinear operator satisfying the Jacobi identity. For discrete Hamiltonian systems the Poisson bracket is specified in form of an antisymmetric rank two tensor that can depend on the coordinates of the underlying phase space. In modern Hamiltonian dynamics, this tensor is allowed to be singular, leading to the notion of a Casimir function C, which Poisson-commutes with all arbitrary functions G(z i ) {C, G} = 0, ∀G.
Setting G = H, it follows from above that every Casimir is in particular also a conserved quantity.
Guided by Liouville's theorem stating volume-preservation in phase space, Nambu [19] proposed a generalization of classical Hamiltonian systems allowing more than one conserved quantities to determine, at the same level of significance, the evolution of the dynamical system. More precisely, let us consider a point mechanical system with n degrees of freedom and n − 1 functionally independent conserved quantities H j , j = 1, n − 1. The evolution equation for an arbitrary function F according to Nambu is
The above bracket operation is called Nambu bracket, which due to the properties of the Jacobian is non-singular, multi-linear and totally antisymmetric. It has been demonstrated in [27] , that a Nambu bracket also fulfills a generalization of the Jacobi identity, which reads
for any set of 2n − 1 functions F i . Various discrete models that allow for such a formulation were identified e.g. the free rigid body [19] , a system of three point vortices [20] , and the conservative Lorenz-1963 model [24] , which is discussed in some detail below. Névir and Blender [24] first extended the ideas of discrete Nambu mechanics to field equations. They noted that the singularity of many continuous Poisson brackets of fluid mechanics may be formally removed by extending them to tribrackets using explicitly one of their Casimir functionals as additional conserved quantity. That is, despite the fact that partial differential equations represent systems with an infinite degree of freedom, up to now there only exist models using one additional conserved quantity. This restriction on tribrackets may be traced back to the underlying Lie algebras on which the Poisson brackets in Eulerian variables are based on [18] . Hence, the fixed relation between the dimension of the phase space and the number of conserved quantities for system representation, is lost in the proposed generalization of continuous Nambu mechanics. In fluid mechanics, this generalization is called energy-vorticity theory, as the employed Casimir functional is frequently related to some vortex integral. Since in the atmospheric sciences the evolution of the rotational wind field is dominant over different scales, the energy-vorticity description may be well-suited for a better understanding of e.g. turbulence. Among others, models that can be cast in energy-vorticity form include the inviscid non-divergent 2d and 3d barotropic vorticity equations, the quasi-geostrophic potential vorticity equation and the governing equations of ideal fluid mechanics [20, 21, 22] .
However, it is up to now an unsolved question whether it is possible to state an appropriate condition analog to the generalized Jacobi identity in the continuous case too. In spite of this problem, the generalized Nambu mechanics is already used for the design of numerical integration schemes [6, 26] . This is done since the numerical conservation of the Nambu bracket automatically leads to a numerical conservation of energy and the second constitutive conserved quantity of the bracket.
Structural properties of the vorticity equation
The inviscid barotropic vorticity equation on the f -plane for an incompressible flow can be written in form of a conservation law
where ψ(t, x, y) is the stream function generating two-dimensional nondivergent flow, ζ = ∇ 2 ψ is the vorticity and [a, b] = ∂a/∂x ∂b/∂y − ∂a/∂y ∂b/∂x denotes the Jacobian.
The Nambu structure
Eqn.
(1) possesses an infinite number of conserved quantities, i.e. kinetic energy and all moments of vorticity (see e.g. [5] ). In [23] , the energy-vorticity tribracket
was introduced for arbitrary functionals
In the above equation, δ/δζ denotes the usual variational derivative, df = dxdy is the area element to be integrated within the 2D-domain Ω. Using appropriate boundary conditions (e.g. cyclic) to allow for integration by parts, it can be shown that the above bracket is indeed totally antisymmetric.
Using bracket (2) it is possible to represent eqn. (1) as
In the above equation, H and E denote the global conserved quantities energy and the second moment of vorticity (enstrophy), respectively, which are given by
Maximum simplification
One pioneering work in the field of finite-mode approximations was done by Lorenz [15] , who introduced a minimal system of hydrodynamical equations based on (1). Using a severe truncation of Fourier series expansion of ζ the following set of ordinary differential equations for the remaining three modes A, F, G was derived:
where k, l are constant wave numbers. We will now show, that this model preserves in some sense the structure of its continuous counterpart, thus the above equations can be derived directly from the spectral Nambu bracket of the barotropic vorticity equation. For this purpose we expand ζ in a double Fourier series on the torus:
where M = (m 1 ki + m 2 lj) T and x = (xi, yj) T are the wavenumber and position vector, respectively. Moreover,
, where † denotes the complex conjugate. According to [15] this ansatz distorts the geometry of the spherical earth, but retains the property that the effective area is finite but unbounded. The variational derivative may be expanded as
where in the right hand side we consider F a smooth function of c M . Substituting these expressions in eqn. (2) we find the spectral form of the corresponding energy-vorticity bracket to be
In this expansion, 
with z = (A, F, G) T , whereby
The above bracket is based on the canonical bracket of the free-rigid body and hence satisfies all necessary properties of discrete Nambu mechanics. In this respect, it is possible to pass the continuous Nambu bracket structure of the vorticity equation to the corresponding discrete Nambu bracket structure of the rigid body. Note, however, that it represents a restricted class of free rigid body equations, since only two moments of inertia are independent. Moreover, it has been demonstrated in [2] that the above truncation also respects the maximal set of admitted symmetries in spectral space. This set of symmetries consists of discrete mirror transformations (t, x, y, ψ) → (t, x, −y, −ψ) and (t, x, y, ψ) → (t, −x, y, −ψ) together with combinations of shifts by π in both x and y direction, where these shifts are the admitted spectral counterparts of the translational symmetries in physical space. That is, for the Lorenz-1960 model preservation of symmetries and preservation of the Nambu structure are mutually compatible. Due to the Nambu representation, eqns. (4) satisfy Liouville's theorem in the special way that already every single summand in the phase space divergence is zero, i.e. ∂/∂A dA/dt = ∂/∂F dF/dt = ∂/∂G dG/dt = 0. Since all known features of the continuous model are passed to the discrete approximation, the notion of maximum simplification is truly justified.
Structural properties of the Rayleigh-Bénard convection equations
In this section, we discuss the structural properties of the convection model derived by Saltzman [25] . That is, we discuss admitted symmetries, Nambu form and derive the maximum simplification that retains these properties at least in a minimal form. The Saltzman equations we base our investigation on read in nondimensional form (e.g. [12] ):
Similar as before, ψ is a stream function generating two-dimensional nondivergent flow in the xz-plane, ζ = ∇ 2 ψ is the vorticity, T is the temperature departure of a linear conduction profile, σ is the Prandtl number and R is the Rayleigh number. Moreover, [a, b] := ∂a/∂x ∂b/∂z − ∂a/∂z ∂b/∂x denotes the Jacobian.
In what follows, we aim to distinguish between dissipative and nondissipative systems. In the first, we preserve the form of equations as given in (7), while in the latter we neglect terms ∇ 4 ψ, ∇ 2 T . Note, however, that in the second case there arises a different definition of R and σ, see e.g. [25] for details.
Appropriate boundary conditions for Rayleigh-Bénard convection are free-slip boundaries at both top and bottom of the fluid: ψ(t, x, z = 0) = ψ(t, x, z = 1) = 0, ζ(t, x, z = 0) = ζ(t, x, z = 1) = 0, together with T (t, x, z = 0) = T (t, x, z = 1) = 0.
In x-direction there are some possibilities, such as periodic, free-stress or non-slip boundaries.
Symmetries
We are interested in point symmetries of the system (7). For this consideration, let us for the moment neglect considerations of boundary values. Then, the Lie algebra of point symmetries consists of the set:
Hence, system (7) admits scaling, shift in t and z, respectively, gauging of the stream function and transformation on generalized moving coordinate systems in z and x direction, respectively. Moreover, there are two independent discrete symmetries given by
The presence of special boundaries, however, usually restricts the number of admitted symmetries greatly. In the symmetry analysis of differential equations, boundary value problems are rarely considered (see [3] for a discussion of this problem). For Rayleigh-Bénard convection, the consideration of boundaries cannot be omitted. For this reason, we aim to give the most general form of admitted symmetries by the boundary value problem here. We are only interested in symmetries acting on the space geometry of the problem, since transformations solely in t, ψ or T cannot be used for a selection of Fourier modes. Thus, we can at once exclude the transformations generated by ∂ t and Z(g) from our considerations. Moreover, scaling generated by D in any case would change the fixed geometry in z-direction, so we exclude it too. The most general transformation generated by the remaining basis operators and discrete symmetries is given by
where ε i ∈ R and δ j ∈ {−1, 1}. Acting on the boundaries in z-direction, it is straightforward to find the most general transformations preserving their values:
Up to now, we have only considered boundaries in the vertical. The boundaries in x-direction are specified in a way such that shifts in x-direction are admitted. This may be realized e.g. by periodic boundary conditions which are quite natural in atmospheric sciences. This choice, however, singles out the second discrete symmetry, i.e. δ 2 = 1. On this class of symmetries we will base our truncation subsequently.
Nambu structure
To make this paper self-contained, we restate some results given in [1] . It has been shown that the conservative set of eqns. (7) can be represented in Nambu form via
with conserved quantities
representing the total energy and a circulation-type quantity, respectively. In (10a), the Nambu bracket {·, ·, ·} is defined for arbitrary functionals This Nambu bracket is based on a semi-direct extension of a Lie-Poisson bracket, as it is built on the extension of an underlying Lie algebra (the Lie algebra of area-preserving diffeomorphisms). Lie-Poisson brackets arise in hydrodynamics very frequently, since hydrodynamics is usually studied from the Eulerian viewpoint. Although the Eulerian perspective includes less information than the Lagrangian, it is nevertheless sufficient for a closed description of fluid mechanics. Hence, the transformation from Lagrangian to Eulerian variables is in some sense a transformation on a reduced set of variables. Such a reduction is always possible due to an admitted symmetry of the model, which for the Lagrangian system is the celebrated particle-relabeling symmetry. Reduction by symmetry brings the Lie algebra structure of the transformed system into play and hence it is the origin of the Lie-Poisson form of the Poisson brackets of Eulerian hydrodynamics. The process of extension of a Lie-Poisson bracket is usually done for systems that incorporate more than one field variable. There is a number of different ways how to extend a Lie algebra (see e.g. [29] for an excellent overview), but the semi-direct extension is common for systems where one variable is advected by another (as is the temperature departure by the ψ-field). Using the Nambu bracket form, the semi-direct extension structure can be cast in completely symmetric form. Namely, building the Casimir explicitly in the system representation leads to a bracket where the difference between the advecting and the advected field becomes to some extend annihilated. We note that there is a second class of Casimir functions given by
where g is an arbitrary function of T −z. This class of Casimirs is not needed for the conservative Nambu representation. However, it plays an important role for a geometric incorporation of dissipation. Namely, using the free energy
where S is a realisation of the class of Casmirs S g , it is possible to represent the full set of eqns. (7) via
where
is the symmetric bracket of dissipation, which is briefly discussed in the subsequent section.
A delicate problem is to state appropriate boundary conditions making the Nambu bracket (10c) double-antisymmetric. While antisymmetry {F 1 , F 2 , F 3 } = −{F 1 , F 3 , F 2 } is always satisfied due to the properties of the Jacobian operator, antisymmetry {F 1 , F 2 , F 3 } = −{F 2 , F 1 , F 3 } follows from integration by parts. Hence, the boundaries must be specified in a way such that the resulting boundary terms vanish. For the specified boundaries in the vertical and periodic boundaries in x-direction, the Nambu bracket is indeed completely antisymmetric.
Maximum simplification
In this part, we derive the minimal model of (7) that retains both symmetries and the associated Nambu form of the continuous equations. There are several attempts to extend the famous Lorenz-1963 model [16] . The reason for these extensions is that this model does not represent characteristic features of Rayleigh-Bénard convection properly, as noted e.g. in [4] . Several authors tried to improve the Lorenz model by attaching additional modes, but in various cases this lead to models exhibiting nonphysical behaviour such as violation of energy or vorticity conservation (e.g. [14] ). The problem of energy conservation was solved in [28] where an universal criterion for the truncation to energy-conserving finite-mode models was established. Moreover, truncation to systems in coupled gyrostats form (e.g. [7, 8, 9, 30] ) may also lead to models that retain the conservation properties of the original equations. We note in passing, that a single gyrostat is also a Nambu system and hence conservation of the underlying geometry may be implemented, at least in some minimal form.
It has been shown in [24] that the conservative part of the Lorenz-1963 model allows for a Nambu representation via
where z = (x, y, z) T . The conserved quantities are
where r = R/R c , with R c being the critical Rayleigh number. However, these two conserved quantities are proportional to spectral forms of energy and Ω (T − z) 2 df , respectively, while the spectral expansion of C under the Lorenz ansatz gives identically zero. Therefore, the Lorenz-1963 truncation only allows for a Nambu form that is not directly related to the continuous Nambu form presented before. Moreover, if we also try to justify the selection of modes of the Lorenz system, we find that it would be necessary to use both the symmetries e 2 and shift in x-direction by 1, which in any case would violate the boundary conditions. That is, the selection of modes is not natural from the symmetry point of view. Additionally, the Lorenz-1963 truncation does not account for the semi-direct product structure of the bracket of the continuous equations. An appropriate discrete realization of this semi-direct structure is given by the special Euclidean Lie algebra se(3) = so(3) ⋉ R 3 . The associated Lie-Poisson bracket on the dual se(3) * forms the basis of the Hamiltonian (or Nambu) representation of the heavy top equations in the body frame. This model consists of three equations governing the evolution of angular momentum and three equations for the characterization of the direction of gravity as seen from the body. The maximum simplification of the Saltzman model based on this semi-direct structure therefore needs a six-component reduction.
We now proceed with the construction of the modified Lorenz model. The basis expansion to Fourier series that is compatible with the specified boundary conditions is
where a is the inverse aspect ratio. For the selection of modes for the six-component model, we employ the concept of symmetry in a similar fashion to e.g. [2, 4, 12] . As was discussed above, the equations governing RayleighBénard convection admit an infinite-dimensional symmetry group with finite dimensional subgroup (9) preserving the boundary value problem. However, not all symmetry transformations included in (9) may be used for a selection of modes as we cannot use all shifts in x-direction since the spectral space is essentially discrete.
For the selection of modes, we aim to use transformations
where t 1 = exp(X 2 (1/(2a)) and t 2 = t 1 • t 1 . The reason for using two different shifts in x-direction is motivated to be able to include both the models presented in [4, 16] . The corresponding transformations in spectral space read
The first transformation was used in [4] to extend the Lorenz-1963 model to a five-component model. It states that the modes ϕ nm and φ nm as well as θ nm and ϑ nm always come in pairs. The transformations t 2 (t 3 ) give a restriction on the admitted modes since for all n = 2k − 1 (m = 2k − 1) the respective coefficients would violate the symmetry property and hence are not allowed in the truncation. If we want to derive the minimal six-component model that retains the symmetries (12), the natural choice for coefficients is φ 11 , ϕ 11 , ϑ 11 , θ 11 , ϕ 02 , θ 02 . This truly incorporates both the models in [4, 16] in a natural way and gives a sound justification for the selection of modes. Moreover, we also want to preserve the semi-direct product structure of the Nambu representation (10c). This can be achieved by setting e.g.
However, the choice of the coefficients b, c, e, f is to some extent arbitrary. Namely, to allow for a canonical (i.e. without additional constant coefficients in the bracket) Nambu representation the following conditions interrelating these coefficients have to be satisfied:
For the above choice of coefficients, the resulting six-component model then reads
with τ = t/( √ 8 (1 + a 2 ) ). The conserved quantities (10b) are correspondingly
The above system allows for a generalized canonical Nambu representation,
where {·, ·, ·} is the heavy top Nambu bracket given by
and x j = π j ∈ {A, B, C}, j = 1, 3 and x k = Γ k ∈ {D, E, F }, k = 1, 3. Note, that this bracket is now structurally completely equivalent to the continuous Nambu bracket (10c). It hence also conserves the corresponding truncated forms of the second class of Casimirs (10d). As the Lorenz-1960 model is a special form of the free rigid body, the above equations may be considered as a restricted class of heavy tops, sometimes referred to as Lagrange top [13] . Namely, using a specified position vector of the center-of-mass pointing in C-direction and the first two moments of inertia being equal (which lead to dC/dt = 0). Note that the linear in C-quantity in C arises due to the use of variable T − z instead of T and correspondingly do the linear in A, B-terms in the fourth and fifth equation.
It has been noted in [11] that any vorticity field under the Boussinesq approximation has to be consistent with the balance equation:
Straightforward computation for the six-component model shows that this balance equation is identically satisfied for any value of the Prandtl number. In addition, since ∂ẋ i /∂x i = 0 the above set of equations satisfies the Liouville theorem. If C = 0 at the onset of evolution, the above model reduces upon rescaling of the Fourier modes to the five-component model given in [4] . Although in any case C = const during evolution we find it nevertheless important to retain this component in the above model. Firstly, it enables to cast the reduced model in Lagrange top form. Secondly, the selection of modes based on symmetries presented above does not allow to truncate the Saltzman equations to a five component model, since there is no additional criterion that permits one to predict a priori whether to chose ϕ 02 or θ 02 . Hence, both coefficients must be incorporated in the Fourier series expansion.
The extension to a Nambu-metriplectic finite mode model is straightforward. Following [17] , a discrete metric system can defined via dz/dt = g∇P = z, P , with z as phase space variables and P as some phase space function. We further require that F 1 , F 2 = F 2 , F 1 , ∀F 1 , F 2 , which in turn requires g = g T to be a symmetric tensor. In our case, using the above truncation and correspondingly the free energy (10e) as phase space functional, we can incorporate the dissipative terms upon using
as symmetric tensor. Then, attaching g∇G to system (13) gives the maximal simplified structure preserving form of the dissipative Saltzman equations.
Conclusion and outlook
In this paper we have addressed the problem of structure preserving finite-mode models by a discussion of the Lorenz-1960 and Lorenz-1963 model. It has been demonstrated that the Lorenz-1960 model is truly the maximum simplification of the barotropic vorticity equation that preserves both symmetries as well as the Nambu structure of the continuous counterpart. Inspired from this example, the Lorenz-1963 model has been investigated too. It has been found that this model neither preserves the proper Nambu structure nor is compatible with respect of underlying symmetries. This may serve as additional justification of reported unphysical behavior of this model. The proposed extension of the Lorenz-1963 model is a six-component truncation that also includes the model [4] as special case. This model is based on a subgroup of the symmetry group preserving the boundary value problem. Moreover, the semi-direct Nambu bracket form of the continuous equations is retained, hence the model is automatically energy and Casimir conserving in the dissipationless limit. This implicitly shows that for the studied six-component truncation Nambu structure and admitted symmetries are compatible. Incorporation of dissipation leads to a discrete Nambu-metriplectic model, also conserving the symmetric structure given by the continuous metric part of the bracket. Despite we have not presented an explicit discussion of physical properties of our model here, the compatibility with geometric structures itself can be seen as a first test for a practical usage. Namely, preservation of symmetry properties, conserved quantities and Hamiltonian/Nambu structure already greatly restrict the possibility of nonphysical behavior. This paper discusses structure-preserving finite-mode models by giving two examples. We hope that this approach can serve as a perspective for future derivations of other models. It has still to be proved, however, that it is always possible to pass all relevant features of a continuous model to a discrete simplification. That is, the question of compatibility of the different structures (e.g. symmetries and discrete/continuous Nambu mechanics) has not been addressed in its full generality yet. Moreover, both models that have been presented may be seen as maximum simplification of their corresponding continuous counterparts.
Unfortunately, it is not a priori obvious how it is possible to attach more coefficients to both models, without violating e.g. the Nambu structure. This would be crucial to gain a deeper insight into more realistic simulation of physical processes. This points to the still unsolved question whether it is possible to relate discrete and continuous Nambu mechanics in some natural way, which will be the issue of a future work.
